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Abstract New elementary farfield and nearfield time-harmonic water waves, observed from a Galilean
reference frame, are given. These two related classes of waves are modifications of classical elementary
plane waves that are obtained in a simple way, using only elementary fundamental considerations, by
analyzing waves that slowly grow from rest at time T = −∞ and are bounded in the farfield. This approach
circumvents the need for a radiation condition, which may indeed be regarded as (indirectly) satisfied
ab initio by the elementary farfield and nearfield waves given here. The farfield waves are the product of
classical elementary waves by a function, called radiation function, that is defined explicitly in terms of
the dispersion function. Thus, this radiation function is valid not only for water waves, but more generally
for a broad class of linear dispersive waves. For illustration and verification purposes, elementary station-
ary-phase considerations are used to determine the main properties (phase and group velocities, wave
patterns, asymptote and cusp lines) of farfield waves, and two particular classes of water waves—steady
ship waves and time-harmonic waves generated by an offshore structure—in uniform finite water depth are
considered. The elementary nearfield waves can readily be used to construct free-surface Green functions
or in a spectral representation of nearfield flows.

Keywords Dispersion relation · Dispersive waves · Radiation condition · Wave patterns · Water waves

1 Introduction

Waves are prevalent in physics and engineering, and accordingly have been extensively studied. They can
be dispersive (e.g. water waves) or nondispersive (e.g. accoustic waves) and can be analyzed within a lin-
ear (small-amplitude waves) or nonlinear framework, using well-established alternative methods; e.g. [1,2].
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Linear dispersive waves are considered here. A useful approach—widely used to analyze linear waves, nota-
bly dispersive waves of interest here—consists in considering time-harmonic waves, within the context of
a Fourier analysis. This classical approach is based on Fourier superposition of elementary waves, typically
obtained using separation of variables. Elementary waves—the basic building blocs in a Fourier analysis
of dispersive waves—are the primary object of the present study. Although the approach expounded here
is valid for a broad class of linear dispersive waves, water waves are considered for illustration purposes.

Thus, unsteady free-surface potential flows in water of uniform finite depth D are now considered. The
Z-axis is vertical and points upward, and the mean free surface is taken as the plane Z = 0 . The sea floor
Z = −D is assumed to be a rigid wall. The flow is observed from a Galilean system of coordinates that
advances at constant speed U along a direction chosen as the positive X-axis. The flow at a flow-field point
X = (X, Y, Z) and time T is defined by a velocity potential �(X, T) that satisfies the Laplace equation

�XX + �YY + �ZZ = 0 (1a)

in the flow region, the sea-floor boundary condition

�Z = 0 at Z = −D , (1b)

and—for small-amplitude waves—the linearized free-surface boundary condition

g �Z + (∂T − U ∂X)2 � = 0 at Z = 0 . (1c)

For typical free-surface flows about ships or other (finite) floating bodies, the potential �(X, T) vanishes
in the horizontal farfield, i.e.,

|∇�| → 0 as
√

X2 + Y2 → ∞ (1d)

and satisfies a nearfield Neumann “body boundary condition”

n ·∇� = given at body surface . (1e)

Here, n stands for a unit vector normal to the body surface. Finally, �(X, T) satisfies initial conditions

� = given and �T = given at T = 0 . (1f)

Nondimensional coordinates x = (x, y, z) , time t and flow potential φ are defined in terms of a reference
length L , time

√
L/g and potential

√
g L L . Here, g stands for the acceleration of gravity. Thus, one has

x = X/L t = T
√

g/L φ = �/(
√

g L L)

and the free-surface boundary condition (1c) becomes

φz + (∂t − F∂x)
2φ = 0 at z = 0 with F = U/

√
g L . (2)

The special case of established time-harmonic or steady flows, for which the initial conditions (1f) are
irrelevant, is now considered. Flow about a ship that advances along a straight path, at constant speed U ,
through regular waves or in calm water are conspicuous examples of the class of time-harmonic or steady
free-surface flows under consideration. The potential of a time-harmonic flow is usually expressed as

Re φ(x) e i f t with f = ω
√

L/g . (3)

Here, Re stands for the real part, and ω is the frequency of the time-harmonic flow (as it appears in the
moving system of coordinates). Steady flows correspond to the special case f = 0 in (3) and hereafter. The
spatial component φ(x) of the flow potential (3) satisfies the Laplace equation

φxx + φyy + φzz = 0 (4a)

in the flow region, the sea-floor boundary condition

φz = 0 at z = −d , (4b)
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the (linearized) free-surface boundary condition

φz −f 2φ − i 2τ φx +F2φxx = 0 at z = 0 , (4c)

the farfield boundary condition

|∇φ| → 0 as
√

x2 + y2 → ∞ , (4d)

and a nearfield boundary condition

n ·∇φ = given at body surface . (4e)

The free-surface condition (4c) readily follows from (2) and (3). The nondimensional water depth d in
(4b), and the Froude number F, nondimensional frequency f and parameter τ in (4c) are defined as

d = D/L F = U/
√

g L f = ω
√

L/g τ = F f = U ω/g . (5)

The reference length L may be chosen at will. In particular, the choices L = D , L = U 2/g , L = g/ω2 yield
d = 1 , F = 1 , f = 1 , respectively. One has f = 0 and τ = 0 for steady flow about a ship advancing in calm
water, and F = 0 and τ = 0 for wave diffraction-radiation by an offshore structure.

The initial/boundary-value problem (1) and the boundary-value problem (4) are classical and have been
widely considered in the literature. Basic mathematical aspects are considered in e.g. [3–7]. Green-function
methods for solving the “ship-motion” boundary-value problem (4) for practical ship forms are reported
in numerous studies; a partial list of references may be found in [8,9].

It is well known that a condition, known as a radiation condition, must be added to the boundary-value
problem (4) to define a unique solution; e.g. [3–7]. This radiation condition, required to substitute for the loss
of information associated with the fact that initial conditions are ignored in (4), can be enforced in a number
of alternative ways, notably via a Green function that satisfies the free-surface boundary condition (4c).
A good account of the substantial fundamental difficulties and practical complexities associated with the
enforcement of a radiation condition to obtain a unique solution of the boundary-value problem (4), which
corresponds to an established (time-harmonic or steady) flow of the form (3), is given in section 13γ of [6].

It is also well known that the initial/boundary-value problem (1) does not require a radiation condition
to obtain a unique solution [5–7] . Thus, the need for a radiation condition is circumvented if the forcing
term in the nearfield boundary condition (1e) is assumed to start from rest at some initial instant t = 0
and to reach a steady (time-harmonic or time-independent) state for t greater than some “building-up”
time t∗ , as explained in e.g. [6] . However, this approach involves the additional variable t and a transcient
flow component (which depends on initial conditions that, in fact, are irrelevant, and vanishes as t → ∞),
and thus introduces unnecessary substantial complexities. An essentially similar, but considerably simpler,
alternative way of circumventing the need for a radiation condition consists in considering the potential

Re φ(x) e ε t + i f t = Re φ(x) e i (f− i ε ) t with 0<ε�1 (6)

instead of the potential (3), which contains no information about initial conditions. The potential (6),
employed for instance in [2,10,11] , defines a flow that starts from rest at time t = −∞ . Thus, initial
conditions are embedded in the potential (6).

The potential φ(x) in (6) satisfies the Laplace equation (4a), the sea-floor boundary condition (4b), the
farfield and nearfield boundary conditions (4d) and (4e) and the modified free-surface boundary condition

φz −f 2φ − i 2τ φx +F2φxx + 2 i ε (fφ + i Fφx) = 0 . (7)

This free-surface condition, which readily follows from (2) and (6), differs from (4c) by a term that involves
the “time-initialization” parameter ε in (6). A similar free-surface boundary condition can be formu-
lated by invoking Rayleigh’s artificial-viscosity technique; e.g. [6,12] . The artificial-viscosity technique and
Lighthill’s method, which assume a viscous fluid or a flow that slowly grows from rest at t = −∞ , are
essentially equivalent. Thus, use of Rayleigh’s or Lighthill’s methods may arguably be considered a matter
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of personal preference. Lighthill’s approach is used here because it is regarded as more direct and natural.
Specifically, Lighthill’s approach is preferred for three reasons: (a) it fundamentally addresses the fact that
a radiation condition is required for the boundary-value problem (4) because the information associated
with initial conditions is lost in this boundary-value problem, (b) it leads to a boundary-value problem that
immediately follows from the initial/boundary-value problem (1), and (c) it does not require an artificial
modification of the physical properties of the fluid and related nontrivial modifications of the boundary-
value problem (e.g., the precise manner in which the free-surface boundary condition needs to be modified
due to artificial viscosity effects is not a priori obvious). Expression (6) shows that Lighthill’s approach
is tantamount to considering a complex frequency f− i ε instead of a real frequency f in (3). Lighthill’s
approach, and the closely related and essentially equivalent “complex-frequency” and “artificial-viscosity”
techniques, circumvent the need for a radiation condition, as already noted. Alternatively, these methods
can be regarded as convenient indirect ways of satisfying a radiation condition.

As already noted, elementary waves associated with the boundary-value problem defined by the Laplace
equation (4a), the sea-floor boundary condition (4b), the farfield and nearfield boundary conditions (4d)
and (4e), and the free-surface boundary condition (7) are considered here. Thus, elementary waves that
satisfy

φxx + φyy + φzz = 0 in − d < z < 0 , (8a)

φz = 0 at z = −d , (8b)

φz −f 2φ − i 2τ φx +F2φxx + 2 i ε (fφ + i Fφx) = 0 at z = 0 with 0<ε�1 , (8c)

|∇φ| → 0 as
√

x2 + y2 → ∞ (8d)

are considered in this study (specifically, in Sects. 3 and 6). The nearfield boundary condition (4e) is ignored
in the “farfield” boundary-value problem (8). As already noted, the farfield boundary-value problem (8)
corresponds to the flow potential (6), which is null at the initial time t = −∞ . The initial conditions
embedded in (6) and (8) and the farfield boundary condition (8d) can be expected to yield elementary
wave solutions of (8a–8c) that are fully determined—except for the amplitudes of the waves, which can
only be determined by considering the nearfield condition (4e), ignored here—with no need for further
consideration, notably a radiation condition. In fact, the farfield boundary condition (8d) is shown further
on to eliminate unacceptable elementary waves. This farfield condition indeed imposes a restriction that
is essentially tantamount to enforcing a radiation condition, which is then effectively satisfied—in a simple
and natural way—using Lighthill’s approach associated with the potential (6).

2 Classical elementary waves

Classical elementary waves related to the boundary-value problem (4) are considered first. The classical
elementary wave function

W(x) = e i ( α x +β y ) cosh [ k (z+ d) ]/ cosh(k d) (9a)

satisfies the sea-floor condition (4b), and satisfies the Laplace equation (4a) if

k =
√

α2+β2 . (9b)

The elementary wave (9a) also satisfies the free-surface boundary condition (4c) if the three parameters
α , β and k satisfy the condition 
 = 0 , known as the dispersion relation, with the dispersion function

 given by


 = k tanh(k d) − (f − Fα)2. (10)

In the deep-water limit d → ∞ , the elementary wave (9a) and the dispersion function (10) become

W(x) = e i ( α x +β y ) + k z 
 = k − (f − Fα)2. (11)
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The deep-water dispersion function (11) is appreciably simpler than (10), which involves the additional
water-depth parameter d and a hyperbolic function. The elementary waves defined by (3) and (9a) or (11)
travel in a direction (α , β) = k (cosγ , sin γ ) with speed, i.e., phase velocity

vp =
{

v x
p

v y
p

}

= −f
k2

{
α

β

}

= −f
k

{
cos γ

sin γ

}

. (12)

If (9b), which defines the wavenumber k in terms of the two Fourier variables α and β, is used in (10),
the dispersion function 
(α, β, k; f , F, d) becomes a function 
(α, β; f , F, d) of the two Fourier variables α

and β . The dispersion relation 
(α , β ; f , F, d) = 0 defines curve(s) in the Fourier plane (α , β) . Specifically,
the dispersion relation 
 = 0 defines one curve (a circle) in the special case F = 0 , and defines two or
three curves if F �= 0 . The dispersion curves 
(α , β ; f , F, d) = 0 associated with the deep-water dispersion
function (10) have been extensively considered in the literature; e.g. [11,13,14] .

The frequency f of dispersive waves, the wavenumbers α and β , the water depth d , and the speed F of
the Galilean frame of reference from which the waves are observed are related by the dispersion relation.
The group velocity for dispersive waves characterized by a dispersion relation f = f (α , β ; F, d) is

vg = (vx
g , vy

g) = −(∂f/∂α , ∂f/∂β) = −(fα , fβ) ;

see e.g. [1,2,6,7,12]. The water depth d and the speed F of the Galilean frame of reference from which the
waves are observed are independent of the waves, and are not related to the wavenumbers α and β . Thus,
if the dispersion relation is expressed as 
(α, β, f , F, d) = 0 , one has


α δα + 
β δβ + 
f δf + 
F δF + 
d δd = (
α + 
f fα) δα + (
β + 
f fβ) δβ = 0

and the group velocity is given by

vg =
{

vx
g

vy
g

}

= 1

f

{

α


β

}

. (13)

Thus, the elementary wave (9), where α and β satisfy the dispersion relation 
(α , β ; f , F, d) = 0 defined
by (10) with (9b), is an elementary solution that satisfies the Laplace equation and the boundary conditions
(4b) and (4c) at the sea floor and the free surface. Accordingly, farfield waves can be represented by
one-dimensional Fourier superpositions of elementary waves W along dispersion curves, i.e.,
∑


=0

∫


=0
ds a W. (14)

In this Fourier representation of farfield waves, summation is performed over all the dispersion curves
defined by the dispersion relation 
(α , β ; f , F, d) = 0 , ds represents the differential element of arc length
of a dispersion curve, W is the elementary wave (9) where the Fourier-plane point (α, β) lies on a dispersion
curve, and a stands for a generic amplitude function (that can only be determined by satisfying a radiation
condition and a nearfield boundary condition). No radiation condition, a critical (arguably the most impor-
tant) farfield condition, is satisfied by the farfield waves defined by the classical Fourier representation (14).
As a result, the representation (14) cannot yield correct wave patterns. For instance, this representation
of farfield waves does not preclude steady ship waves ahead of a ship advancing in calm water. Thus, the
representation (14), which satisfies the Laplace equation and the boundary conditions at the sea floor and
the free surface but satisfies no radiation condition, is not a satisfactory farfield approximation.

3 Elementary farfield waves

Elementary waves associated with the complex frequency f−i ε in (6) are now considered. These elementary
waves can be defined by considering the complex Fourier variables

α + i ε α1 β + i εβ1 k + i ε k1
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in the elementary wave (9a), which thus becomes

e i ( α x +β y ) − ε ( α1 x +β1 y ) cosh[(k + i ε k1)(z+ d) ] / cosh[(k + i ε k1) d ]. (15a)

This elementary wave satisfies the sea-floor condition (8b), and satisfies the Laplace equation (8a) if the
conditions

k2 = α2 + β2 k k1 = α α1 + β β1 k2
1 = α2

1 + β2
1 (15b)

are satisfied. These three conditions require

(α1, β1, k1) = P (α, β, k) , (15c)

where P stands for a proportionality factor between α1, β1, k1 and α, β, k.
The elementary wave (15a) also satisfies the free-surface condition (8c) if the conditions


 = 0 k1 
k + α1 
α − 
f = 0 (16)

are satisfied. Here, 
k = tanh(k d) + k d/cosh2(k d) and 
α = 2 (τ − F2α) stand for the derivatives of the
dispersion function 
(α , β , k ; f , F, d) defined by (10) with respect to k and α , and


f = − 2 (f − Fα) (17)

is the derivative of the dispersion function 
 with respect to the frequency f . If the second of the three
relations (15b) is used in (16), one obtains


 = 0 α1 
α + β1 
β − 
f = 0 , (18)

where 
α and 
β now stand for the derivatives


α = [tanh(k d) + k d/cosh2(k d)] α/k + 2 (τ − F2α) , (19a)


β = [tanh(k d) + k d/cosh2(k d)] β/k (19b)

of the dispersion function 
(α , β ; f , F, d) defined by (10) and (9b) with respect to the Fourier variables α

and β . The dispersion relations (18) correspond to the limit ε → 0 of the dispersion relation


(α + i ε α1, β + i ε β1 ; f − i ε , F, d) = 0 (20)

associated with the potential (6) and the elementary wave (15a), as expected.
Expressions (15c) and (18) define P as

P = 
f /(α 
α + β 
β) = 
f /(k
k) ,

where 
k = 
α α/k+
β β/k now—and hereafter—stands for the derivative of the dispersion function

(α, β ; f , F, d) in the radial direction (α, β)/k . Expressions (19) yield


k = tanh(k d) + k d/cosh2(k d) + 2 (τ − F2α) α/k . (21)

The foregoing expression for P yields P = µ/Q with Q = k |
k|/|
f | ≥ 0 and

µ = sign
f sign
k . (22a)

Thus, the elementary wave function defined by (15a) with (15c) becomes

ei ( α x +β y ) −µ ε ( α x +β y ) /Q cosh[ k (1+ i µε/Q)(z+ d ) ]/cosh[ k (1+ i µε/Q) d ]. (22b)

The elementary wave (22), where 0 < ε � 1 and the Fourier-plane point (α, β) lies on a dispersion curve

 = 0 , satisfies the Laplace equation and the boundary conditions at the sea floor and the free surface.

The elementary wave (22b) also satisfies the farfield condition (8d) if 0 < µ sign(α x+β y) , since one
has 0 < ε and 0 ≤ Q . Expression (22a) for µ and the polar representations

( x , y ) = h ( cos θ , sin θ ) ( α , β ) = k ( cos γ , sin γ ) (23)



Elementary water waves 283

of the horizontal coordinates x, y and the Fourier variables α, β then show that bounded elementary waves
are obtained if the condition

sign
f sign
k = sign(α x+β y) = sign cos(γ − θ)

is satisfied. This condition yields
{

θ − π/2 < γ < θ + π/2
θ + π/2 < γ < θ + 3 π/2

}
if

{
0 < sign
f sign
k

sign
f sign
k < 0

}
. (24)

The condition (24) defines “acceptable” sections, which depend on the angle θ , of a dispersion curve 
 = 0
in the classical representation (14) of farfield waves. Alternatively, (14) can be modified as
∑


=0

∫


=0
ds A RFW, (25a)

where W is the elementary wave (9), A stands for a generic amplitude function, and RF is defined as

RF = 1+ sign
f sign
k sign(α x+β y) . (25b)

The function RF is called farfield radiation function hereafter. The representation (14), where the disper-
sion curves 
 = 0 are restricted in accordance with (24), and the alternative representation (25) restrict the
dispersion curves in equivalent ways. The amplitude functions A in (25a) and a in (14) are (obviously) not
identical (in fact, one has a = A RF). The generic amplitude function A in (25a) can only be determined if
the nearfield boundary condition (4e) is considered; however, this nearfield boundary condition is ignored
in the farfield boundary-value problem (8) considered here, as already explained in the introduction.

For instance, in the special case of wave diffraction-radiation by an offshore structure, one has F = 0
and τ = 0 , and (10), (17) and (21) become


 = k tanh(k d) − f 2 
f = −2f < 0 0 < 
k = tanh(k d) + k d/cosh2(k d) . (26)

The dispersion relation 
 = 0 then yields

1/kω = tanh(d ωkω) with d ω = f 2d = D ω2/g and kω = k/f 2 = Kg/ω2. (27a)

Here, Eq. 5 was used. The dispersion relation (27a) defines a single dispersion curve, namely the circle

kω = k ω
0 (d ω), (27b)

where k ω
0 is the root of the dispersion relation (27a). Expressions (26) and (23) then show that the radiation

function RF given by (25b) is null along the “dead” half θ − π/2 < γ < θ + π/2 of the dispersion circle
(27b), in agreement with (24). The “alive” and “dead” halves of the dispersion circle (27b) that correspond
to θ = π/4 are shown in Fig. 1 . A deep-water approximation and a shallow-water approximation, given in
Appendix 1, to the root 1/k ω

0 of the dispersion relation (27a) are

1/k ω
0 ∼ 1 as d ω → ∞ 1/k ω

0 ∼ √
d ω/

[
1 +

(
1
6

+ 11
360

d ω

)
d ω

]
as d ω → 0. (28)

These asymptotic approximations and the root of (27a) are depicted in Fig. 2. This figure shows that time-
harmonic water waves (without forward speed) are shorter in finite water depth than in deep water, as is
well known.

The radiation function RF in (25a), associated with the potential (6) and the related dispersion relation
(20), introduces restrictions that do not exist in the classical representation (14). The restrictions intro-
duced by the radiation function RF account for the information that is included in the potential (6) and the
related dispersion relation (20), but is lost if the time-initialization parameter ε is set null in (6) and (20).
Specifically, the potential (6) assumes a flow that starts from rest at time t = −∞ , whereas the potential (3)
includes no information about initial conditions, as already noted. Accordingly, the potential (3) and the
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α

β y

x

Fig. 1 Dead (dashed line) and alive (solid line) portions of
dispersion circle, in Fourier plane (α , β) , that correspond to
time-harmonic water waves generated in direction θ = π/4
in physical space (x , y) . Large dot on dispersion circle, at
angle γ = 5π/4 , identifies main generator of farfield waves

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1 
/ k

ω

√ [ d
ω
 / ( d

ω
 + 1 ) ]

exact
deep
shallow

Fig. 2 Variation of root 1/k ω of dispersion relation (27a),
and of related deep-water and shallow-water approxima-
tions (28), for wave diffraction-radiation by an offshore
structure in finite water depth, in terms of water depth
0 ≤ √

d ω/(d ω +1) ≤ 1

related dispersion relation cannot yield uniquely defined time-harmonic or steady flows; indeed, if (3) is
used, uniquely defined flows can only be defined by invoking a radiation condition that specifies that wave
energy is radiated away from the wave generator [3–7]. However, if the potential (6) is used, the need for
a radiation condition is avoided (Alternatively, as already noted in the introduction, a radiation condition
may be regarded as effectively satisfied a priori, with no need for further consideration, by disallowing
unbounded farfield waves in the foregoing analysis of elementary waves that slowly grow from rest at time
t = −∞). The Fourier representation of farfield waves (25) has been obtained here in a simple and natural
manner, using only elementary considerations and analysis based on the potential (6) and the related
farfield boundary-value problem (8). Expression (25b) for the radiation function RF in (25a) is explicitly
defined in terms of the derivative 
f of the dispersion function 
 with respect to the frequency f and the
derivative of 
 in the radial direction (α, β)/k . Thus, the Fourier superposition (25) of farfield waves is read-
ily applicable to a broad class of linear dispersive waves characterized by a dispersion function 
 . Indeed,
multiplication of an elementary wave function W (that can typically be obtained using separation of vari-
ables) associated with a given dispersive medium by the radiation function (25b), as in (25a), circumvents
the need for enforcing a radiation condition (which may be regarded as effectively satisfied, ab initio).

4 Farfield wave patterns

As already noted, no radiation condition is satisfied by the Fourier superposition (14) of classical ele-
mentary waves, which therefore cannot yield correct farfield wave patterns; for instance, Eq. 14 does not
preclude steady ship waves ahead of a ship advancing in calm water. However, the Fourier superposition
(25) of modified farfield waves RFW, for which a “built-in” radiation condition is (indirectly) satisfied,
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can be expected to yield correct farfield waves and wave patterns, as verified below. Specifically, farfield
waves are easily determined using asymptotic analysis, based on Kelvin’s method of stationary phase, of the
Fourier integral (25a). In fact, elementary stationary-phase considerations suffice to determine the main
properties of farfield waves (phase and group velocities, wave patterns, asymptote and cusp lines), and to
illustrate the fundamental relationships that exist between farfield waves in the physical plane (x , y) and
the dispersion function 
(α , β ; f , F, d) and related dispersion curves 
 = 0 in the Fourier plane (α , β).

In the farfield h → ∞ , the main contribution to the Fourier integral (25a) stems from points where the
phase ϕ = α x + β y of the trigonometric function e i ϕ in (9a) is stationary. A point (α , β) of a dispersion
curve 
(α , β ; f , F, d) = 0 where the phase ϕ is stationary is determined by the relation

dϕ/ds = x dα/ds + y dβ/ds = 0 .

Here, ds is the differential element of arc length of a dispersion curve. The vectors (dα/ds, dβ/ds) and
∇ 
 = (
α , 
β) are tangent and normal to a dispersion curve, respectively, and therefore are orthogonal.
Thus, the vector (x , y) is normal to a dispersion curve at a point (α, β) where dϕ/ds = 0, and the relation

(x , y)/

√
x2 + y2 = ν (
α , 
β)/

√

2

α + 
2
β with ν = ±1

holds at such a point. This stationary-phase relation yields

sign(α x + β y) = ν sign(α 
α + β 
β) = ν sign
k.

Expression (25b) then yields RF = 1+ ν sign
f at a point of stationary phase. Thus, a point of stationary
phase yields a nonzero contribution to the Fourier integral (25a) only if ν = sign
f , i.e., if

sign(α x + β y) = sign
f sign
k = µ (29)

and
( x , y )

√
x2+y2

= (cos θ , sin θ) = sign
f
(
α , 
β)
√


2
α+
2

β

= sign
f
∇ 


‖∇ 
‖ . (30a)

The condition (30a) shows that a point (α , β) of a dispersion curve (in the Fourier plane) mostly generates
waves (in the physical space) in a direction

tan θ = y/x = 
β/
α = tan δ (30b)

that is orthogonal to the dispersion curve and oriented as (sign
f )∇ 
 . Here, θ is the angle between the
ray (x, y) and the x-axis in the physical space, and δ is the angle between the vector ∇ 
 = (
α , 
β) normal
to a dispersion curve 
(α, β; f , F, d) = 0 and the α-axis. Conversely, farfield waves observed in a direction
θ stem mostly from the point(s) of the dispersion curve(s) where the condition (30a) holds. Expressions
(30a) and (13) yield

(x , y)
√

x2 + y2
= |
f |

‖∇
‖
(

vx
g , vy

g

)
. (30c)

Thus, as expected, waves are generated in the direction of the group velocity vg , i.e., the direction along
which energy is transmitted. The results expressed by (30) agree with [2,14,15].

For instance, for wave diffraction-radiation by an offshore structure, (19) and (21), with F = 0 and τ = 0,
and (23) yield


α/
k = α/k = cos γ 
β/
k = β/k = sin γ . (31)

These relations, (30a) and (26), then yield

θ = γ + π . (32)

Thus, a point γ of the dispersion circle (27) for wave diffraction-radiation by an offshore structure mostly
generates waves in a direction θ = γ + π . Conversely, farfield waves observed in a direction θ are mostly
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generated by the point γ = θ −π of the dispersion circle. For instance, farfield waves in a direction θ = π/4
are generated at γ = −3 π/4 , as shown in Fig. 1 . Expressions (12) and (13) with (32), (31) and (26) define
the phase and group velocities as

vp =
{

vx
p

vy
p

}

= vp

{
cos θ

sin θ

}

with f vp = v ω
p = 1

k ω
0

, (33a)

vg =
{

vx
g

vy
g

}

= vg

{
cos θ

sin θ

}

with f vg = v ω
g = 2 d ωk ω

0 + sinh(2 d ωk ω
0 )

4 cosh2(d ωk ω
0 )

. (33b)

Here, v ω = f v = Vω/g and k ω
0 is the root of the dispersion relation (27a). Thus, one obtains the well-known

result

1
2

≤ v ω
g

v ω
p

= 1
2

+ d ωk ω
0

sinh(2 d ωk ω
0 )

≤ 1 . (33c)

Expressions (33a) and (33b) and the approximations (28) yield v ω
p → 1 and v ω

g → 1/2 as d ω → ∞ , and

v ω
p ∼ √

d ω and v ω
g ∼ √

d ω as d ω → 0 , as is well known.
Expressions (25b) and (29) show that one has RF = 2 at a point of stationary phase, where (30a) yields

sign(x 
α + y 
β) = sign
f . Thus, the radiation function (25b) and the alternative function

RF = 1+ sign
f sign(x 
α + y 
β) (34)

yield identical farfield waves. Indeed, the flows defined by (25a), with the farfield radiation function RF

given by (25b) or (34), differ by
∑


=0

∫


=0
ds A (sign
f ) [sign
k sign(α x+β y) − sign(x 
α + y
β)] W. (35)

Expressions (29) and (30a) yield sign
k sign(α x+β y) = sign
f = sign(x 
α + y 
β) at a point of sta-
tionary phase, where the integrand of (35) is then null and continuous. It follows that points of stationary
phase in the Fourier superposition (25a) of elementary waves, with the radiation function RF given by
(25b) or (34), yield identical farfield waves as previously noted. Expression (34) was obtained in [ 16 ] via a
more complicated approach based on a farfield asymptotic analysis of a generic Green function, given by a
singular double Fourier integral, that accounts for nearfield effects. Thus, an equivalent representation of
farfield waves has been obtained here in a simpler and more direct manner, using only elementary analysis,
from the Laplace equation, the boundary conditions at the sea floor and the free surface, and the farfield
boundary condition.

Additional information about important features of farfield waves can be obtained from the disper-
sion function 
(α , β ; f , F, d) and the related dispersion curves 
 = 0 . Farfield wave patterns are now
considered. The relations (30a) yield
{

x

y

}

= sign
f
h

‖∇ 
‖

{

α


β

}

with h =
√

x2+ y2 .

Thus, the phase ϕ = α x + β y of the trigonometric function e i ϕ in (9a) and (25a) is given by

ϕ = sign
f
h

‖∇ 
‖ (α 
α + β 
β) = sign
f
h k 
k

‖∇ 
‖ .

This relation yields h/‖∇ 
‖ = |ϕ|/|k 
k|, and x and y can be expressed as
{

x

y

}

= |ϕ| sign
f

k |
k|

{

α


β

}

. (36)
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These relations, where the point (α , β) is allowed to move along a given dispersion curve 
 = 0 , yield
parametric equations for the coordinates x and y associated with a specified value of the phase ϕ , e.g. a
particular wave crest or trough. If the dispersion relation 
 = 0 defines several dispersion curves, as is the
case for the dispersion function (10) if F �= 0 , different waves are obtained as the point (α , β) in (36) is
allowed to move along every dispersion curve.

Successive waves, e.g. a series of wave crests, are obtained if a series of phase values ϕn = 2 n π with
n = 1, 2, 3, . . . , are considered in (36).Thus, farfield wave patterns are readily constructed from the disper-
sion function 
 using the parametric equations

1
2 n π

{
xn

yn

}

= sign
f

k |
k|

{

α


β

}

= sign
f sign
k

α 
α + β 
β

{

α


β

}

. (37)

Expressions (37) and (13) yield

vg =
{

vx
g

vy
g

}

= k |
k|
2 n π |
f |

{
xn

yn

}
= k |
k|

2π |
f |
xn

n
. (38)

This relation shows that wave energy is transmitted (at the group velocity vg) along radial lines that radiate
from the wave generator (i.e., the origin of the wave pattern), as expected and in agreement with (30c). As
expected, the phase velocity vp is orthogonal to the constant-phase curves (e.g. wave crests and troughs)
defined by (37); see Appendix 2 . An illustration of these well-known properties of the group and phase
velocities is given in [ 14 ] for time-harmonic ship waves in deep water.

For instance, for wave diffraction-radiation by an offshore structure, (37), (31), (26) and (27a) yield
{

x ω
n

y ω
n

}

= f 2
{

xn

yn

}
= −2 n π

k ω
0

{
cosγ

sinγ

}

with − π ≤ γ ≤ π , (39)

where k ω
0 is the root of the dispersion relation (27a). The parametric equations (39) define a series of

circular waves h ω
n = 2 n π/k ω

0 . These waves propagate outward, in accordance with (33a). Expressions
(33) show that both the phase velocity vp and the group velocity vg are orthogonal to the waves, as can be
expected from the foregoing results in the particular case of circular waves.

The parametric equations (37) readily yield

x2
n + y2

n → ∞ if 
k = 0 . (40)

Thus, a point (k , γ ) of a dispersion curve where 
k vanishes yields an asymptote of the farfield wave
pattern, at an angle θ that is orthogonal to the angle γ in the polar representation (23) at which 
k = 0 .
“Asymptote points” 
k = 0 are considered further in Appendix 3 . Now consider a dispersion curve with
an inflection point (αi, β i) , i.e., (see Appendix 4) a point where


2
β 
αα − 2 
α 
β 
αβ + 
2

α 
ββ = 0 . (41)

As the point (α , β) moves along the dispersion curve in the vicinity of the inflection point (αi, β i) , the angle
δ between the vector (
α , 
β) normal to the dispersion curve and the α-axis reaches a local maximum or
minimum δ i at the inflection point. Accordingly, the corresponding ray angle θ in the physical space also
reaches a local maximum or minimum θ i, given by θ i = δ i or θ i = δ i + π , and the farfield wave pattern
has a cusp at the ray θ i.

Thus, asymptote and cusp lines of a wave pattern correspond to roots of the equation 
k = 0 and to
inflection points of the dispersion curves 
 = 0 , respectively. Cusp lines have been widely considered in
the literature. However, asymptote lines are generally overlooked, or not distinguished from cusp lines.
These simple results and expressions (30) , (37) and (38) show that considerable information about farfield
dispersive waves can be obtained—using only elementary considerations—from the dispersion function

(α , β ; f , F, d) . Detailed illustrations of the relationship between the dispersion function and the related
dispersion curves 
 = 0 in the Fourier plane (α , β) and the corresponding farfield waves in the physical
plane (x , y) are given in [14,15] for diffraction-radiation by a ship advancing through regular waves in deep
water.



288 F. Noblesse, C. Yang

5 Illustrative application to steady ship waves in finite water depth

Diffraction-radiation of regular waves by an offshore structure, which corresponds to the special case
F = 0 in (10), has already been considered above. The special case f = 0 , which corresponds to steady ship
waves, is now considered for further illustration and verification. The dispersion function (10) becomes


 = k tanh(k d) − F2α2 = k tanh(k d) − F2k2cos2γ . (42)

This dispersion function is an even function of both α and β . Thus, the dispersion curves 
 = 0 are
symmetric with respect to the axis α = 0 and the axis β = 0.

The dispersion function (42) shows that dispersion curves 
 = 0 are defined by

kUγ = tanh(d Uγ kUγ ) with

{
d Uγ = d U/ cos2γ

kUγ = kUcos2γ

}

and

{
d U = d/F2 = D g/ U 2

kU = F2k = K U 2/g

}

. (43)

The dispersion relation (43) defines the normalized wavenumber kUγ in terms of the normalized water
depth d Uγ . This equation has no positive real root if d Uγ < 1 or one positive real root if 1 < d Uγ . Waves
therefore exist for all values of γ if 1 < d U . However, waves exist only for | cos γ | <

√
d U if d U < 1.

A deep-water approximation and a shallow-water approximation, given in Appendix 5, to the root kUγ of
the dispersion relation (43) are

kUγ ∼ 1 as d Uγ → ∞ kUγ ∼
√

3η

d Uγ

[
1 +

(
3
5

+ 93
175

η

)
η

]
as dUγ → 1 with η = 1 − 1

dUγ
. (44)

These asymptotic approximations and the root of (43) are depicted in Fig. 3 . This figure shows that steady
ship waves are longer in finite water depth than in deep water, as is well known.

The dispersion function (42) and the relations β2 = k2 − α2 show that, at a dispersion curve 
 = 0 ,
the speed-scaled Fourier variables αU = F2α and β U = F2β are defined in terms of the speed-scaled
wavenumber kU = F2k by the parametric equations

αU = ±
√

kU tanh(d UkU) β U = ± kU
√

1− tanh(d UkU)/kU with kU
0 ≤ kU , (45a)

where the smallest wavenumber kU
0 (d U) is given by

kU
0 =

{
root of kU

0 = tanh(d UkU
0 )

0

}

if

{
1 < d U

d U ≤ 1

}

. (45b)

The parametric equations (45) yield

αU ∼ ±
√

kU β U ∼ ± kU
√

1−1/kU with 1 ≤ kU as d U → ∞ , (46a)
{

αU ∼ ±√
d U kU

√
1− (d U)2(kU)2/3

β U ∼ ± kU
√

1− d U + (d U)3(kU)2/3

}

with 0 ≤ d U ≤ 1 as kU → 0 . (46b)

The asymptotic approximations (46b) yield

β U/α U ∼ ±
√

1/d U −1 with 0 ≤ d U ≤ 1 as kU → 0 .

Thus, at the origin kU = 0 , the dispersion curve is tangent to the axis β U = 0 if d U = 1 , or the axis αU = 0
if d U = 0 . In fact, the parametric equations (45) show that the dispersion curve in the “zero-depth” case
d U = 0 is the axis αU = 0 . The dispersion curves defined by the parametric equations (45) are depicted in
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Fig. 3 Steady ship waves in finite water depth: variation of
root kUγ of dispersion relation (43), and of related deep-
water and shallow-water approximations (44), in terms of
water depth 0 ≤ √

1−1/d Uγ ≤ 1 with 1 ≤ d Uγ

 0
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0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6

αU

βU

Fig. 4 Steady ship waves in finite water depth: dispersion
curves for d U = ∞ (thick solid line), 1.4 , 1.1 , 1 (thick
dashed line), 0.9 , 0.7 , 0.5 , 0.3 and 0.1 in region 0 ≤ αU ≤ 1.6
and 0 ≤ β U ≤ 2 of the speed-scaled Fourier variables αU

and β U

Fig. 4 in the region 0 ≤ αU ≤ 1.6 , 0 ≤ β U ≤ 2 of the speed-scaled Fourier variables αU and β U for d U = ∞ ,
1.4 , 1.1 , 1 , 0.9 , 0.7 , 0.5 , 0.3 and 0.1 . In view of the symmetry of the dispersion curves with respect to α

and β, only the quadrant 0 ≤ αU , 0 ≤ β U is considered in Fig. 4 . The dispersion curves depicted in Fig. 4
agree with [17] as expected.

Expressions (19) yield 
α = αU(
′ − 2) and 
β = β U 
′ with 
′ defined as


′ = tanh(d UkU)/kU + d U/ cosh2(d UkU) . (47a)

Expressions (21) and (42) show that, at a dispersion curve 
 = 0 , one has

−
k = tanh(d UkU) − d UkU/ cosh2(d UkU) . (47b)

Thus, one has 
k < 0 , and (17) yields sign
f = signα . The parametric equations (37) for the farfield
wave patterns then become
{

xU
n

yU
n

}

= 2 n π

−
k kU

{−|αU | (2 − 
′)
signαU β U 
′

}

with

{
xU

n = xn/F2 = Xn g/ U 2

yU
n = yn/F2 = Yn g/ U 2

}

. (48)

Expressions (48), (47) and (45) provide parametric equations that define the farfield wave patterns gener-
ated by a ship advancing at constant speed in calm water of uniform finite depth. Expressions (48), (47)
and (46a) yield the deep-water approximation
{

xU
n

yU
n

}

∼ 2 n π

kU

{−√
kU (2 − 1/kU)

±√
1−1/kU

}

with 1 ≤ kU as d U → ∞ . (49)

The wave patterns defined by the parametric equations (48) are depicted in the upper half of Fig. 5 for
d U = ∞ (left), 1.05 (center) and 1.01 (right), and in the lower half of Fig. 5 for d U = 0.995 (right), 0.7
(center) and 0.3 (left). The wave patterns shown in Fig. 5 agree with [18,19] as expected.
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Fig. 5 Steady ship waves in finite water depth: farfield wave patterns for (top row) d U = ∞ (left column), 1.05 (center) and
1.01 (right) and for (lower row) d U = 0.995 (right column), 0.7 (center) and 0.3 (left)

Expressions (48), (47) and (46b) yield
{

xU
n

yU
n

}

∼ −6 n π

(d U)5/2(kU)3

{
1− d U + 2 (d U)3(kU)2/3

±√
d U

√
1− d U + (d U)3(kU)2/3

}

as kU → 0 . (50)

Expressions (50), where 0 ≤ d U ≤ 1 , show that one has
√(

xU
n

)2 + (
yU

n
)2 → ∞ as kU → 0 . Thus, the wave

pattern for 0 ≤ d U ≤ 1 has an asymptote defined by yU
n /xU

n ∼ ±√
d U/

√
1− d U . The angle between this

asymptote and the x-axis is then given by

θa = ± sin−1(
√

d U) with 0 ≤ d U ≤ 1 , (51)

in agreement with [18, 19]. Thus, one has θa → 0 as d U → 0 and θa → ± 90◦ as d U → 1 .
Figure 4 shows that the dispersion curves for 1 < d U have an inflection point. Expressions (19) yield


α = Tα/k − 2 α 
β = Tβ/k with T = tanh kd + kd/ cosh2kd and kd = kd .
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Fig. 6 Steady ship waves in finite water depth: variation of
root kU

c (d U) of cusp-line equation (52) in terms of water
depth 0 ≤ δ = √
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Fig. 7 Steady ship waves in finite water depth: variation of
asymptote-line angle θa (dashed line) and cusp-line angle
θc (solid line) in terms of water depth −1 ≤ δ = (dU −1)/

(d U+1) ≤ 1 . Left half −1 ≤ δ ≤ 0 and right half 0 ≤ δ ≤ 1
correspond to 0 ≤ d U ≤ 1 and 1 ≤ d U , and depict asymp-
tote angle θa and cusp angle θc , respectively

Here, d, k, α and β stand for the speed-scaled variables dU , kU , αU and βU (the superscript U is momentarily
ignored for shortness). One then has

k
αα = β2T − α2T ′

k2 − 2 k k
ββ = α2T − β2T ′

k2 − k
αβ = αβ

k2 (T + T ′)

with T ′ = 2 kd(kd tanh kd −1)/ cosh2kd. Equation 41 and the relation β2 = k2− α2 then yield

T2
(

T − 2
α2

k

)
+ 4

α4

k2

(
T + T ′) − 2 k

(
T2 + 2

α2

k
T ′

)
= 0 .

The dispersion relation (42) yields α2/k = tanh kd. One then obtains

(T2 + 2 T ′ tanh kd) kU
c = 2 (T + T ′) tanh2kd − T2(tanh kd − T/2) with (52a)

T = tanh kd + kd/ cosh2kd T ′ = 2 kd(kd tanh kd −1)/ cosh2 kd kd = d UkU
c . (52b)

In the deep-water limit d U → ∞, (52b) yields tanh kd ∼ 1, T ∼ 1 and T ′ ∼ 0 . Expressions (52a), (46a) and
(49) then yield

kU
c → 3

2
αU

c → ±
√

3
2

β U
c → ±

√
3

2
yU

c

xU
c

→ ±1

2
√

2
as d U → ∞

and the angle between the cusp lines and the x-axis is given by θc → ±19◦28′ as d U → ∞ , in agreement
with Kelvin’s classical result. Equations 52 and 50 can be verified to yield

kU
c → 0 yU

c /xU
c → ±∞ as d U → 1 .

Thus, the angle θc between the cusp lines and the x axis is given by kU
c → 90◦ as d U → 1 , as well known;

e.g. [ 18, 19 ] . The initial approximation kU
c = (3/2) tanh

√
d U −1 can be used to determine the root kU

c (d U)

of (52). This root is depicted in Fig. 6 . The angle θc between the cusp lines and the x-axis is then defined by
(48), (45a) and (47a) as

tan θc = yU
c

xU
c

=
± kU

c

√
1 − tanh(d UkU

c )/kU
c 
′

√
kU

c tanh(d UkU
c ) (2 − 
′)

with 
′ = tanh
(
d UkU

c
)

kU
c

+ d U

cosh2 (
d UkU

c
) . (53)

The asymptote-lines angle 0 ≤ θa ≤ 90◦ defined by (51) and the cusp-lines angle 19◦28′ ≤ θc ≤ 90◦
defined by (53) with (52) are depicted in Fig. 7.
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6 Elementary nearfield waves

Expressions (25) and (9) define a Fourier superposition of elementary waves

RFW = [ 1+ sign
f sign
k sign(α x+β y) ] e i ( α x +β y ) cosh [ k (z+ d) ]/cosh(k d) , (54)

where the Fourier variables α and β lie on the dispersion curves 
(α , β ; f , F, d) = 0 related to the disper-
sion function (10). A radiation condition and the boundary condition (4b) at the sea floor are satisfied by
the elementary wave (54). Expression (54) would also satisfy the Laplace equation (4a) and the boundary
condition (4c) at the free surface if not for the sign function sign(α x + β y) . This sign function is inconse-
quential in the farfield because the dominant contributions to the Fourier integral (25a) stem from points
of stationary phase, where the relation (29) holds and one has RF = 2 . Thus, for all practical purposes, the
flow defined by the Fourier representation (25) satisfies the Laplace equation and the free-surface con-
dition in the farfield. However, equation (25) does not satisfy the Laplace equation (and the free-surface
condition) in the nearfield. The fact that (25) does not satisfy the Laplace equation in the nearfield is a
major limitation for nearfield flows. Specifically, this restriction precludes the use of (25) as a nearfield-flow
representation; e.g. (25) cannot be used to construct Green functions or in a spectral representation of
nearfield flows. However, the elementary wave (54) can be modified to satisfy the Laplace equation in the
nearfield, as shown below.

The deep-water limit d→∞ is considered first. Consider the function

R∗ = 2
/ [

1+ exp

(
−µ

α x + β y − i k z
σ

) ]
, (55)

where σ is a positive real function of α and β . One has

R∗ ∼ 1+ signµ sign(α x + β y) as | α x + β y |/σ → ∞ .

This farfield approximation shows that the radiation function RF in (54) may be replaced by the function
R∗ if µ in (55) is chosen as in (22a). Thus, a radiation condition is (effectively; in the manner explained
earlier) satisfied by the elementary wave

W∗(x) = 2 e i ( α x +β y ) + k z
/[

1+ exp

(
−µ

α x + β y − i k z
σ

)]
, (56)

where µ is given by (22a) and σ is a positive real function of α and β . Furthermore, the elementary wave W∗
satisfies the deep-water boundary condition W∗ → 0 as z → −∞ , and can be verified to satisfy the Laplace
equation if k = √

α2+ β2. The elementary wave W∗ also satisfies the free-surface boundary condition (4c)
in the farfield if the Fourier variables α and β satisfy the dispersion relation 
 = 0 , with 
 given by (11).
The elementary deep-water wave W∗ can be expressed as

W∗(x) = e i ( α x +β y ) + k z
(

1+ µ tanh
α x + β y − i k z

2 σ

)
.

Here, the relation tanh(µZ) = µ tanh(Z) for µ = ±1 was used. Thus, one has

W∗(x) = e i ( α x +β y ) + k z
(

1+ µ
sinh(ϕ/σ) − i sin(V/σ)

cosh(ϕ/σ) + cos(V/σ)

)
(57)

with ϕ = α x + β y and V = k z .
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In uniform finite water depth d , the elementary wave (56) becomes

W∗(x) = e i ( α x +β y ) �++ �−

cosh(k d)
with �± = exp[ ± k (z+ d ) ]

1+ exp[−µ { α x + β y ∓ i k (z+ d )}/σ ] ,

where k = √
α2+ β2 and µ is given by (22a). This elementary wave satisfies a radiation condition, the

Laplace equation and the boundary condition W∗
z = 0 at the sea floor z = −d , and can be expressed as

W∗(x) = e i ( α x +β y ) cosh [k (z+ d)]
cosh(k d)

(
1+ µ

sinh(ϕ/σ) − i tanhV sin(V/σ)

cosh(ϕ/σ) + cos(V/σ)

)
. (58)

Here, V = k (z+d ). The elementary wave (58) can be expressed as RNW, where W is the elementary wave
(9) and the function RN , called nearfield radiation function here, is defined as

RN = 1+ sign
f sign
k � . (59a)

Here, (22a) was used and � stands for the function

�(x) = tanh(ϕ/σ) − i tanhV sin(V/σ) / cosh(ϕ/σ)

1+ cos(V/σ) / cosh(ϕ/σ)
with

{
ϕ = α x + β y

V = k (z+ d )

}

. (59b)

In the deep-water limit d → ∞ , one has tanhV ∼ 1 and V = k z in (59b). Expression (59b) yields

� ∼ tanh(ϕ/σ) ∼ sign(α x + β y) as h =
√

x2+ y2 → ∞ . (59c)

The farfield approximation (59c) shows that the nearfield radiation function RN defined by (59a) and
(59b) is asymptotically equivalent to the farfield radiation function RF given by (25b) in the farfield limit
h → ∞ .

Water waves are significant only in the layer −z < d ∞ with k d ∞ = π , and the water depth d is effec-
tively infinite for d ∞ < d . Expression (59b) and the relations 1 ≤ cosh(ϕ/σ) and −1 ≤ cos(V/σ) ≤ 1 show
that the function � is finite except if ϕ = 0 and cos(V/σ) = −1 . Expression (59b) for V then shows that �

is finite if

k d/π = (d/d ∞) k d ∞/π < σ . (60a)

In deep water, for which one has V = k z , � is finite if

− k z/π = (−z/d ∞) k d ∞/π < σ . (60b)

The conditions (60) show that the function � given by (59b) is finite within the flow domain where waves
are significant if 1 < σ . The variation of the function ϕ/σ that corresponds to a half-period of the trigo-
nometric function e i ϕ is given by π/σ . Thus, the choice σ = 1 implies that the functions tanh(ϕ/σ) and �

become practically equal to ±1 within half a period (wavelength) of the function e i ϕ , i.e., that “nearfield
effects” are approximately confined to half a wavelength.

The waves defined by the Fourier representation
∑


=0

∫


=0
ds A RNW, (61)

where W is the elementary wave (9), RN is the nearfield radiation function (59), and A is an amplitude
function (determined by a nearfield body boundary condition), satisfy a radiation condition, the Laplace
equation and the sea-floor boundary condition. This Fourier superposition of elementary “nearfield waves”
also satisfies the free-surface boundary condition in the farfield. However, the free-surface condition is only
approximately satisfied in the nearfield, i.e., in the vicinity of a wave generator such as a ship or offshore
structure. The nearfield region is no larger than half a wavelength if 1 < σ in (59b).
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7 Conclusions

The one-dimensional Fourier superposition
∑


=0

∫


=0
ds a W (62a)

of classical elementary waves

W(x ; α , β) = e i ( α x +β y ) cosh [ k (z+ d) ]/ cosh(k d) with k =
√

α2+β2 (62b)

of amplitude a, along the dispersion curves defined by the dispersion relation


(α, β; f , F, d) = k tanh(k d) − (f − Fα)2 = 0 , (62c)

satisfies the Laplace equation and the boundary conditions at the sea floor z = −d and the free surface
z = 0 . However, this classical Fourier superposition of elementary waves, associated with a time-harmonic
flow defined by a potential

Re φ(x) e i f t with f = ω
√

L/g , (62d)

is not a satisfactory representation of farfield waves. For instance, expressions (62) do not preclude steady
ship waves ahead of a ship advancing in calm water. In fact, it is well known that unique time-harmonic
flows of the form (62d) can only be obtained by invoking a radiation condition, a critical farfield condition
that specifies that wave energy is radiated away from the wave generator [3–7] .

In this study, the modified elementary waves RFW and the related Fourier superposition
∑


=0

∫


=0
ds A RFW with RF = 1+ sign
f sign
k sign(α x+β y) (63a)

have been obtained using Lighthill’s approach, which considers flows that slowly grow from rest at time
t = −∞ , in accordance with a potential

Re φ(x) e ε t + i f t = Re φ(x) e i ( f− i ε ) t with 0<ε�1 . (63b)

The modified elementary waves RFW have been obtained—in a simple way, using only elementary con-
siderations—as solutions of the farfield boundary-value problem (8) associated with (63b) . Unlike the
potential (62d), which contains no information about initial conditions, initial conditions are embedded in
(63b). The radiation function RF in (63a), associated with the potential (63b) and the related dispersion
relation


(α + i ε α1, β + i ε β1 ; f − i ε , F, d) = 0 (63c)

introduces restrictions that do not exist in the classical representation (62). Specifically, the function RF

defined by (63a) divides the dispersion curves 
 = 0 into “dead” and “alive” sections (that depend on
x and y), where one has RF = 0 or RF = 2 . These restrictions, introduced via the function RF, account
for the information that is included in the potential (63b) but is lost if the time-initialization parameter ε

is set null in (63b) and (63c). Thus, Lighthill’s approach, associated with the potential (63b), circumvents
the need for a radiation condition. Alternatively, one may consider that a radiation condition is effectively
satisfied ab initio (with no need for additional consideration) by the modified elementary waves RFW and
the related Fourier superposition (63a). Accordingly, the function RF is called farfield radiation function
here.

The modified elementary wave solution RFW is given by the product of the classical elementary time-
harmonic water wave W by the radiation function RF . This function is defined explicitly in terms of the
dispersion function 
 . Indeed, the modification RFW of the elementary wave W can readily be applied
to a wide class of dispersive waves. Specifically, elementary waves W associated with a given dispersive
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medium, characterized by a dispersion function 
 , can easily be made to (indirectly) satisfy a radiation
condition via multiplication of W by the farfield radiation function RF given by (63a), which is defined
explicitly in terms of the derivative 
f of the dispersion function 
 with respect to the frequency f and
the derivative 
k of 
 in the radial direction (α, β)/k . Thus, the Fourier superposition (63a) of modified
elementary waves RFW is readily applicable to a wide class of dispersive waves. Indeed, farfield dispersive
waves may be expressed in the form (63a) ab initio.

The Fourier superposition (63a) of modified elementary waves RFW satisfies a radiation condition, as
already noted, and thus may be expected to yield correct farfield waves, notably wave patterns. For purposes
of illustration and verification, farfield waves have been considered here using asymptotic analysis, based on
Kelvin’s method of stationary phase, of the Fourier integral (63a). In fact, only elementary stationary-phase
considerations were used to determine the main properties of farfield waves (phase and group velocities,
wave patterns, asymptote and cusp lines), and to illustrate the fundamental relationships that exist between
farfield waves in the physical plane (x , y) and the dispersion function 
(α , β ; f , F, d) and related dispersion
curves 
 = 0 in the Fourier plane (α , β) . Expressions (13) , (30c) and (38) for the group velocity, the rela-
tions (30a) and (30b) between farfield waves in the physical plane (x , y) and the dispersion curves 
 = 0
in the Fourier plane, the parametric equations (37) of farfield wave patterns, expression (40) to determine
asymptote lines of a farfield wave pattern, and the property that cusp lines of farfield wave patterns are
determined by inflection points of dispersion curves, only involve the dispersion function 
 and thus are
valid for a broad class of dispersive waves. These relations associated with farfield waves agree with, or
are modifications of, similar relations given in the literature, e.g. [2,11,14–16]. In particular, detailed illus-
trations of the relationship between the dispersion function and the related dispersion curves 
 = 0 in the
Fourier plane (α , β) and the corresponding farfield waves in the physical plane (x , y) are given in [14,15] for
diffraction-radiation by a ship advancing through regular waves in deep water. A verification of the forego-
ing “farfield-waves” relations, and of the underlying Fourier representation (63a) of modified elementary
waves RFW, has been given here by considering two illustrative applications to water waves in uniform
finite water depth: diffraction-radiation of time-harmonic waves by an offshore structure, and steady ship
waves.

The elementary farfield wave RFW would satisfy the Laplace equation and the boundary condition at
the free surface if not for the sign function sign(α x + β y) . This sign function is inconsequential in the far-
field because the dominant contributions to the Fourier integral (63a) stem from points of stationary phase,
where the relation (29) holds and one has RF = 2 . Thus, for all practical purposes, the flow defined by the
Fourier representation (63a) satisfies the Laplace equation and the free-surface condition in the farfield.
However, (63a) does not satisfy the Laplace equation (and the free-surface condition) in the nearfield. The
fact that (63a) does not satisfy the Laplace equation in the nearfield is a major limitation for nearfield flows.
Specifically, this restriction precludes the use of (63a) as a nearfield-flow representation; e.g. (63a) cannot
be used to construct Green functions or in a spectral representation. However, the elementary farfield
waves RFW in the Fourier superposition (63a) can be replaced by nearfield waves RNW that satisfy the
Laplace equation everywhere (in the nearfield as well as the farfield). Thus, (63a) becomes
∑


=0

∫


=0
ds A RN W with RN = 1+ sign
f sign
k � . (64)

Here, the function � is given by (59b). One has RN ∼ RF in the farfield, in accordance with (59c). The
function RN in (64) is called nearfield radiation function. The Fourier superposition (64) of elementary
nearfield waves RNW satisfies the Laplace equation, a radiation condition (effectively), the boundary
condition at the sea floor, and also satisfies the free-surface boundary condition in the farfield. The Fourier
superposition (64) of elementary waves can then be used to represent nearfield flows. In particular, the
elementary nearfield waves can be used in a spectral representation of nearfield flows. The elementary
nearfield waves defined by (64) and (62b) can also be used to obtain simple free-surface Green functions.
Specifically, Green functions that satisfy the free-surface boundary condition accurately in the farfield and
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approximately (to leading order) in the nearfield can easily be constructed using the nearfield waves RNW,
in the manner shown in [13] . Indeed, the wave components in the Green functions for time-harmonic and
steady free-surface flows about ships or offshore structures given in [13] are precisely of the form (64), as
one would expect. The practical usefulness of these simple Green functions, and hence of the underlying
elementary nearfield waves RNW given here, is demonstrated in [8] . Specifically, reference [8] shows
that the simple Green functions given in [ 13 ] , which only satisfy the free-surface boundary condition to
leading order in the nearfield, are identical to the classical free-surface Green functions (which satisfy the
linearized free-surface condition everywhere) in the farfield as expected, and that nearfield differences are
relatively small.

Expressions (63a), (64) and (59b) correspond to time-harmonic flows defined by potentials of the form
(62d) and elementary waves (62b). Expressions (63a), (64) and (59b) can readily be applied, with the
elementary modifications given in Appendix 6 , to time-harmonic flows and/or elementary waves defined
by the alternative expressions

Re φ(x) e− i f t W(x ; α , β) = e− i ( α x +β y ) cosh [ k (z+ d) ]/ cosh(k d)

used in the literature.
In summary, the main results and contribution of this study are two new classes of elementary (time-

harmonic) water waves (observed from a Galilean frame of reference) that satisfy a radiation condition
ab initio. These two related classes of elementary waves, called elementary farfield and nearfield waves,
are simple modifications of classical elementary waves. In particular, the elementary farfield wave is given
by the product of the classical elementary wave by a farfield radiation function that is explicitly defined
in terms of the dispersion function. This radiation function is valid not only for water waves, but more
generally for a broad class of dispersive waves. The nearfield waves given here are useful to represent
nearfield flows, via a spectral representation or a Green function. The elementary farfield and nearfield
waves have been obtained in a remarkably simple manner, using only fundamental considerations and ele-
mentary analysis, by considering flows that slowly start from rest at t = −∞ , in accordance with Lighthill’s
approach.

Appendix 1

Let k ω be expressed in the form k ω = P/
√

d ω. Thus, (27a) becomes
√

d ω/P = tanh(
√

d ωP) . Use of
the Taylor series for tanh(d ωkω) then yields 1 = µ − d ωµ2/3 + 2 (d ω)2µ3/15 + · · · with µ = P2. Sub-
stitution of the series µ ≈ 1 + C1 d ω + C2 (d ω)2 + · · · yields C1 = 1/3 and C2 = 4/45 . One then has
k ω = P/

√
d ω = √

µ /
√

d ω ∼ [ 1 + d ω/3 + 4 (d ω)2/45 ]1/2/
√

d ω ∼ [ 1 + d ω/6 + 11 (d ω)2/360 ]/√d ω .

Appendix 2

The wave-pattern (37) can be expressed as

(xn , yn)

2 n π
= µ

(
α , 
β)

α 
α + β 
β

with µ = sign
f sign
k .

Consider two points (α , β) and (α + dα , β + dβ) of a dispersion curve 
(α , β ; f , F, d) = 0 . This relation
yields 
α dα + 
β dβ = 0 ; i.e. one has dα = σ
β ds and dβ = −σ
α ds with ds = √

dα2+ dβ2 and
σ = ±1 . The wave-front point (xn , yn) that corresponds to the dispersion-curve point (α , β) becomes
(xn + dxn , yn + dyn) with

dxn/ds
2 n π µσ

= 
β

∂

∂α


α

α 
α + β 
β

− 
α

∂

∂β


α

α 
α + β 
β

= β N
(α 
α + β 
β)2 ,
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dyn/ds
2 n π µσ

= 
β

∂

∂α


β

α 
α + β 
β

− 
α

∂

∂β


β

α 
α + β 
β

= −α N
(α 
α + β 
β)2

with N = 
2
β 
αα − 2 
α 
β 
αβ + 
2

α 
ββ . Expression (12) then yields vx
p dxn + vy

p dyn = 0 . Thus, the
phase velocity vp is orthogonal to the constant-phase curves (e.g. wave crests and troughs) defined by (37),
as expected.

Appendix 3

Diffraction-radiation by a ship advancing through regular waves in deep water is now considered for pur-
poses of illustration. The dispersion function (11) defines three distinct dispersion curves if τ < 1/4 , or two
curves if 1/4 < τ ; see e.g. [13,14] . The three dispersion curves for τ < 1/4 have no “asymptote point”, i.e.,
no point where 
k = 0 . However, one of the two dispersion curves for 1/4 < τ has an asymptote point,
which is defined by

αa = −f/F βa = ±
√

16τ 2 − 1 f/F ka = 4f 2,

as can be easily verified [ 13 ] . The dispersion curve that contains the asymptote point (αa , βa) can be broken
into two joint, but separate, curves. In this approach, used in [ 13 ] , one then has three dispersion curves,
for both τ < 1/4 and 1/4 < τ , within which the functions 
k and 
f in (25b) have constant signs, given by
(36) in [ 13 ] . The dispersion curves defined by the dispersion function (10) for diffraction-radiation by a
ship in finite water depth can similarly be broken into three dispersion curves, for every value of τ , within
which the signs of 
k and 
f remain constant [ 20 ] .

Appendix 4

The unit vector (
α , 
β)/ ‖∇
‖ is normal to a dispersion curve 
(α , β) = 0 , as already noted. Thus,
the unit vector (
β , −
α)/ ‖∇
‖ is tangent to a dispersion curve, and the derivative d/ds in a direction
tangent to a dispersion curve is given by
(
β , −
α) · (∂α , ∂β)

‖∇
‖ = 
β

‖∇
‖
∂

∂α
− 
α

‖∇
‖
∂

∂β

An inflection point on a dispersion curve is determined by the condition

0 = d tan δ

ds
= d (
β/
α)

ds
i.e., 
β

∂

∂α

(

β


α

)
− 
α

∂

∂β

(

β


α

)
= 0 .

This condition yields


2
β 
αα − 2
α 
β 
αβ + 
2

α 
ββ = 0. (65a)

This equation determines the inflection point(s) of a dispersion curve that is defined by an implicit equa-
tion 
(α , β) = 0 . Similarly, an inflection point of a dispersion curve defined by the parametric equations
α = A(t) and β = B(t) is determined by the equation

dA
dt

d2B
dt2

− dB
dt

d2A
dt2

= 0 . (65b)

For a dispersion curve defined by the polar equation k = K(γ ), Eq. 65b yields

K2+ 2 (dK/dγ )2−K d2K/dγ 2 = 0 . (65c)

Finally, for a dispersion curve defined by the explicit equations β = B(α) or α = A(β) Eq. 65b becomes

d2B/dα2 = 0 or d2A/dβ2 = 0 , (65d)

respectively. The alternative equation (65) can be used to determine the inflection point(s) of a dispersion
curve, depending on the manner in which the dispersion curve is defined.
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Appendix 5

Use of the Taylor series for tanh(d Uγ kUγ ) in (43) yields

3 (1−1/d Uγ ) − (d Uγ kUγ )2 + 2 (d Uγ kUγ )4/5 − 17 (d Uγ kUγ )6/315 = 0 .

The change of variable d Uγ kUγ = √
3 η P with 1−1/d Uγ = η yields 1−P + 6 η P2/5 − 51 η2P3/35 = 0 .

Let P ∼ 1 + C1 η + C2 η2, which yields P2 ∼ 1 + 2 C1 η and P3 ∼ 1 . One then obtains C1 = 6/5 and
C2 = 249/175 , which yields P ∼ 1 + 6 η/5 + 249 η2/175 and

√
P ∼ 1 + 3 η/5 + 93 η2/175 .

Appendix 6

Time-harmonic flows defined by potentials of the form (3) and (6) have been considered in this study.
Time-harmonic flows defined by the potentials

Re φ(x) e− i f t Re φ(x) e ε t − i f t = Re φ(x) e− i ( f+ i ε ) t (66)

are also used in the literature. The complex frequency f− i ε in (6) becomes f+ i ε in (66). The free-surface
boundary condition (7) is modified as

φz −f 2φ + i 2τ φx +F2φxx − 2 i ε (fφ − i Fφx) = 0 .

The dispersion function (10) is unchanged if elementary waves

W(x) = e− i ( α x +β y ) cosh [ k (z+ d) ]/ cosh(k d) (67)

are considered instead of (9a). The elementary wave (15a) then becomes

e− i ( α x +β y ) + ε ( α1 x +β1 y ) cosh[ (k + i ε k1)(z+ d) ] / cosh[(k + i ε k1) d ] .

Expressions (16) and (18) are modified as 
 = 0 , k1
k +α1
α +
f = 0 , α1
α +β1
β +
f = 0 and the
complex frequency f − i ε in (20) becomes f + i ε . The proportionality factor P in (15c), expression (22a)
for µ , and the elementary wave (22b) are modified as P = −
f /(k 
k) , µ = −sign
f sign
k ,

e− i ( α x +β y ) +µ ε ( α x +β y )/Q cosh[ k (1+ i µε/Q)(z+ d ) ]/cosh[ k (1+ i µε/Q) d ] . (68)

This elementary wave is bounded in the farfield if µ sign(α x + β y) < 0 . It follows that (24) and (25)
are unchanged. Thus, the farfield radiation function RF in (63a) is unchanged if time-harmonic flows and
elementary waves defined by (66) and (67) are considered instead of (63b) and (62b). The elementary
waves (56) and (57) become

2 e− i ( α x +β y ) + k z

1+ exp[ µ (α x + β y + i k z)/σ ] = e− i ( α x +β y ) + k z
(

1− µ
sinh(ϕ/σ) + i sin(V/σ)

cosh(ϕ/σ) + cos(V/σ)

)
. (69)

Expression (59a) for the nearfield radiation function RN is unchanged, but expression (59b) for the function
� becomes

�(x) = tanh(ϕ/σ) + i tanhV sin(V/σ) / cosh(ϕ/σ)

1+ cos(V/σ) / cosh(ϕ/σ)
with

{
ϕ = α x + β y

V = k (z+ d )

}

. (70)

In the deep-water limit, Eq. 70 agrees with the expression given in [13] . The nearfield radiation function RN

defined by (59a) and (70) is identical to the function RN obtained by formally performing the substitution
(f , α , β) → −(f , α , β) in (59a) and (59b), as might be expected. Expression (63a) for the farfield radiation
function RF is unchanged by this substitution.

If time-harmonic flows defined by potentials of the form (3) and (6) are considered with elementary
waves (67), the dispersion function (10) is modified as


 = k tanh(k d) − (f + Fα)2. (71)
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Thus, (17) and (21) become 
f = − 2 (f + Fα) , 
k = tanh(k d) + k d/cosh2(k d) + 2 (τ + F2α) α/k and
the dispersion curves defined by the dispersion relation 
 = 0 are the mirror image, with respect to the
axis α = 0 , of the dispersion curves associated with (10). Expressions (16), (18) and (20) are unchanged.
Expression (22a) is unchanged, but the elementary wave (22b) becomes (68). Thus, (25b) is modified as

RF = 1− sign
f sign
k sign(α x+β y) . (72)

The elementary waves (56) and (57) become (69), with µ given by (22a). Expression (59a) for the nearfield
radiation function RN is modified as

RN = 1− sign
f sign
k �, (73)

where the function � is given by (70) instead of (59b). The farfield radiation function (72) and the nearfield
radiation function given by (73) and (70) are identical to the functions RF and RN obtained by formally
performing the substitution (α , β) → −(α , β) in (63a) and in (59a) and (59b), as might again be expected.
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